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intuitive understanding

e J=0-1transitionis considered

density matrix for atoms under anisotropic
irradiation

emergence of coherence between magnetic
sublevels by rotation of coordinates

influence of magnetic field on density matrix

derivation of Stokes parameters from density
matrix



density matrix

e eigenstates of J;, |M), are considered and density
matrix (operator) is expressed as

P = ZPM‘MNM‘
M
e isotropic case withJ=1

p =3 {[1) (1[+10) (O] + [=1) (1]}

1 0 0
1

1l o1 0
0 0 1

e off diagonal components appear when there
exists coherence between basis states



anisotropic photo-excitation

e unpolarized o-light can be understood to involve
incoherent two circularly polarized lights 4 y
e excitation gives rise to anisotropic /k}
excited state
M,
+1 0 -1

Ju=1 :
\ / => p=3| 0
Je=0 0

0

M
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e thereis no coherence (non-diagonal component)
for this moment



e consider a situation with a magnetic field in x-axis
direction

e it would be useful to change the quantization axis
from z- to x-axis

e density matrix is transformed in change of the
quantization axis
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rotation operator (matrix)

e coordinates rotation is expressed as action of ,

rotation operator Z(R) to kets or bras ?
: : y
o density matrix elements are formally =
>
calculated as _— X
oun = (M|p|N) (quantization axis = z-axis)

Om.n, = (Mx|p|Nx) (quantization axis — x-axis)
= ((MZ"(R))p(Z(R)IN))
= 2 AM|Z" (R)|m){mlp|n){n|Z (R)|N)

=S 729 (R)Z5) (R)(mlp|n)



rotation operator (matrix)

(M|2(a,B,y)IN) = 25)(a, B,y) = e Ma+igt) (B)

ey VI EMIJ=MIJ+N)(J=N)!
(J+M-K)KI(J-k-N)!(k—M+N)!

2)-2k+M—-N ﬁ 2k—M+N
(ﬂn—)
2

d(B) = >(1)

(o)

Wigner's formula
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e coherence emerges between M =+1 and
M = -1 states



e no coherence appears in isotropic case
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role of magnetic field

e density matrix is derived as solution of equation
of motion 9

hLp — [H
/ atpx [ F7px]

e Hamiltonian Hr consists of perturbation due to
magnetic field

(M|Hg|N) = —ugg,B{M|Jy|N)
= —Ugg,;BMOyn
— —hwoMé/\//N

e Lugand gsare Bohr magneton and Landé g-factor,
respectively, and wo corresponds to Larmor
angular frequency
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0
|ha_

o Hris explicitly written as

1
HF — —ha)o 0
0

o O O

e right hand side of equation is
calculated as

P11 P10 P11
Lo 1 Loo Po —1 = —hwg
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o px«(t) is readily obtained with initial condition

2iwt

: 1 e

0
e—Zth 0 1

e lineintensity is derived from density matrix
obtained

Y
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spherical components

line intensity

2
I,EGMB = Cp |(aJaMa|dg|BJsMg)

lag = Co le;/l ww,|(aJaMaldg|BJsMg)|*
a»vif

=Cp ), W/\/Ia(O’JaMa‘dq‘ﬁJBMB)(:BJﬁMﬁ‘d:r;‘aJaMa)
Ma,Mg

=Co ), wm,{(aJaMd| (Z aJaMg ){aJaMq )dq‘ﬁJBM@

Ma,Mg Mg

X <ﬁJBM,B‘d$ (Z ‘ajaM;MajaM;) laJMg)
M/
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=Cp Y » Wy (aJaMglaJaMg){ataMqlatoaMy)
M/ M// MaaMB

x (@JaMy|dglBJsMp)(BJgMg|dgladaMy,)

=Cp Y (aJaMg|pglataMy )
M, M M

x {aJaMy |dqg|BJsMp X{(BJsMpld; ladaMy) = (adoM.,|dy|BJsMpg)*

= ), (=1)" "M (adaMglo4lataMy)
Mq:Mq ;Mg

X / / al,||d||BJ
( _Ma MB g )( _Ma MB g )|< a|| ||B ﬁ>|



linear polarization components

1
dx: _(d—1 _d1)

dg = dyand d, V2
|
dy = ﬁ(d_1 + d1)
X Cp / 7
a — + Z <aJOlMa‘pa‘aJGMa>
2 /VI/ M// MB

x (aaMy|d_1 — d1|BJsMg)(BJsMpld’

C
I :?D N (adaM|pgladaMy )

aB / 4
M. M Mg

~ d}|aJaM;)

x (aJaMZ|d_q + d1|BJgMg){(BJgMg|d", + d} |aM.,)

16



2 (1~ cos 21) (a1 |d]|BO) (x exp(~Aust)

aB -
25 = 6(1 + cos 2wt)|(a1||d||B0)|* x exp(-Aqst)
B
X
af y
74 7 —1D>
IC{B
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more systematic method

e density matrix and Stokes parameters are derived
in accordance with "Polarization in Spectral Lines"
by E. Landi Degl'Innocenti and M. Landolfi

e correspondence to the intuitive method of the
results is considered
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equation of motion

i 27T [
dt ik

e Hamiltonian can involve atomic processes in
addition to magnetic field (QED is required)

H, p]

@
dt paJ

=

,M') = =27y g, (M —M") p, (M, M)

T o

+ P, 1, (My, My) Ty(aJ MM, o, J, M, M) ;

M, M! § §
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<

Q
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+ oy, (Mo M) | T MM, 1, J, M, M)
M M!

QQ
o~

=4=

+ Ty(aJ MM, auJuMuM;)}

V]

{ o (M, M) | Ry (@ M'M") + Ryg(erd MY M) §

e

+ RS(aJM”M’)}
+po (M, M) [R (@I M M) + Ry(aJ MM")
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spherical tensors

e spherical representation of density matrix is
obtained from standard matrix as

o8 (0], ]) = (0]

) J J K /
:Z/(_l)J M\/2K+1<M Y _Q)paJ(M,M)

whereK=0,1,..,2Jand Q=-K, ..., K

e itisunderstood as change of basis to express
matrices: e.q., for J=1/2
o
o

pP(M,N) : (

p’ér(

NERHItH
e

oSl © 7
o= ©
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advantages

e standard representation requires two rotation
matrices in rotation of coordinates,

[I%J (M, M) } Z Diar(R)* Diyrap (R) [PQJ(Na N/)}

new

old

while spherical representation needs just one
rotation matrix

P (adal )| = > ol (ad.al )| DEG(R)

e many components vanish when there exists
some symmetry
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spherical representation

e multiplying both sides in equation of motion by

(—=1)"MV2K +1 (‘] S B )

M —-M -Q

and carrying out summation over M and M'give

d

jolae

==

=g

Epg(oz{]) = —27ivy g, ; Q pg(oa])

K
)2 pq, (apdy) Ty (T KQ, 0y J K, Q) +
a,J, K,Q,

£33 pot(aud) | Tola KQ, 0,0, K,Q,)

]

+ (@l KQ, 0, K,Q,)

- 3" P8 (@) [Ry(TKQK'Q) + Ryy(a ] KQK'Q)
K/Q/

+ Ry(aJ KQK'Q')
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two-level atom

e upper level

d & : K
5 P () = ~2mivy g,y Q (0, LN LI
+ Z Ty (e, J, KQ, 0, J, K'Q") Pg//(&eje) § 2
K/Q/
- Z {RE(auJuKQK/Q/) + RS(O‘uJuKQK,Q/ﬂ pg,/(oquu)
K/Q/
O re 17 5@@’ Z Alad — Oée:]e)
aeJe .
- —_— i
e |ower level |
TE Ts eRA
. | |

dt pg(aeje) = —2mivy, g, 5 Q pé{(aﬂe) ; l

+ 3 | Tel0J,KQ, 0, K'Q') + Tyl J,KQ, 0, K'Q) | p/ (0, ,)
K/Q/

— " Ry (e, KQK'Q") ply (cvy )
K'Q! 24



e when stationary and lower level is unpolarized

Ta(a,J, KQ,apJ;00)

K
PQ (& ) QWIVLgauJuQ =+ A(auju — ayJy

e po(aeJe)

T\ (aJKQ, o, Ji#;6,) = (2J, + 1) B(a,J, — aJ)

Xy \/3(2[( +1)(25, + 1)(2K. + 1)
K. .Q,

J JE 1 17
x(l)*"'ﬁ@e{J /! >(_Ké o, —Ké
K %, K, e
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Ta(yJuKQ,apJp00)

= (2J; + 1)B(apdy = aynJy) x /32K +1)2
( J, J, 1)
u K 0 K
ST a1 >(_Q R PLA S
K 0 K |

= /3(2J; + 1) B(aygJy — o Jy)

1 1 K
X (_1)1—|—Ju-|—Je+Q { Ju 7 Jg } JE(Q(VQUJU,QEJE)

u

]{—IK :7{ ZTKZQ (v, Q)

geometrlcal factors

for unpolarized radiation having z-axis symmetry
Bw) = ¢ 5 1046)

J: (V) 2\/_]{ (3cos?0 — 1) I(v,0)
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1
P (o) = 1 +1iQH, { 1CH J)}B:O

if QH, is expressed to be tan(a), pg(auju) IS
rewritten as

5 (@) = e cosa [p (a5

effect of magnetic field is to by factor of

1
COS&_\/1+Q2H3

and to by e.q.

. 2iwt
tan" ! QH, 1 1 (2) %
e 0
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Av
- h2p4
gz(Q) — 972 N (2Ju+1) B(%Ju — &EJE)
< SOVE (el T L BLTE G G) o (a,,)
J, J, J, QA" Q u
KQ
 hv

= 0 N\/ZJu +1 Aley, J, — ;) KZQ w}f}e Tg(i,ﬂ) pg(auJu)
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forJo=1and J,=2

_ Ep(2) 3 W, [sin26 + (1 + cos?) cos?a,]
Po = él(_’) T + W, (1 — 3 cos?3 — 3sin’3 cos2a,,)
£, 6 W, cos ( sin a,, cos a,

Pu = 51(_)) TR + W, (1 — 3cos?/3 — 3sin?3 cos2a,)

where tana, = 2H,
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Hanle diagram
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detailed line profile

Xy \/3(2K+1)(2Ku+1)

KQK, Q,

< Z (_1)1—|—Ju—Mu—+—q' (

M, MM ,qq’

Ju JK
M, M,

g

_ 1 Fab 4+ 1
T 12+ (Vg + Ay —v)2 7w I+ (v + Ay,
where N
Iy = Jab _ Ja TN ; A
47 47
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h
ei(v,§2) = ﬁ NV2J, +1 Alay, J, — a,Jy)

X ’Tg (Z,Q) pg(oquu) @gK (Jy, J,5v)
KK'Q

BEX' (Jy. Jyiv) = \/3(2, + 1)(2K +1)(2K" + 1)
I J, 1 I J, 1
I+ =M 4 u ¢ u ‘
Cy o (_Mu v ) (ke i
M, MIM,qq’
(L EKEN(1 1 K
M, -M, -Q)\q¢ —¢ -Q

1

e substitution of pg(auJU) gives

KK'Q
a0 < () : - 1
K) (_1\Q 7K K /
X% A ;:o: Wy, (=) Tg (i,92) T24 (7, )1+1QHu 1

)

<3 [gp(yauJuMu,ozgjeMe —V)+PWo g M a,g,M, T V)*] :
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1 and B O° scatt’red

reference
direction

® .IE — O .]u
beam
] incident beam

e (v, ) = gkf AT |6 +</51] unpolarized

- 3 : 2H, ]
61(”» Q) — gkf AQ' T 1+ 4H2 (¢—1 "’9[51) 1 T AH?2 (w—l _wl)

- 3 | 2H, ]
62(”’ Q) — g ké AQ/ I/ 1 —|—4H2 (¢ + ¢1) 1 _|_4H2 (w—l R wl)
eq(v, ) = _g k2 AQ T [¢_1 - gb1]

¢q — ¢q —|_ Hqu — ¢(Vozu1—q,oz£OO - V)
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next problems

e radiation field tensors should be derived as
solution of radiation transport equation

e collisional transitions should be taken into
account: excitation, depolarization, ...

36



